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ABSTRACT7

We show that magnetized turbulence can be measured from a single polarization map at one radio fre-8

quency. We focus on two practical diagnostics that observers can compute directly from the map: (i) the9

polarization-angle structure function Dφ(R, λ) = 1
2 [1 − e−2λ4DΦ(R)], and (ii) the “directional” correlation10

S(R) = ⟨cos[2(χ(x) − χ(x + R))]⟩ which we refer to as the Polarization Angle Directional Correlation11

(PADC). Using synthetic Faraday screens and ATHENA MHD simulations, we demonstrate that both recover12

the inertial-range statistics of the underlying 3-D magnetic field without RM synthesis or broad spectral cov-13

erage. The S(R) route—implemented via Fourier power of cos 2χ and sin 2χ—mimics an interferometric14

estimator, avoids angle unwrapping and saturation, and remains robust when large spatial scales are filtered by15

the instrument response.16

For observers with limited frequency coverage, we provide a simple, observable criterion based on the rotation17

dispersion and wavelength that indicates when a single band suffices, when two nearby bands recover the slope18

in the transitional regime, and when full multi-frequency synthesis is required. We quantify these regimes on19

controlled two-slope tests and on ATHENA snapshots spanning sub- and super-Alfvénic conditions, and we20

verify the expected 2D from 3D slope mapping under projection. So we could compute Dφ(R) or S(R) from21

one map; check the saturation criterion; if needed, add one adjacent band to restore the turbulence slope.22

Unified Astronomy Thesaurus concepts: Interstellar magnetic fields (845); Interstellar medium (847); Intra-23

cluster media (858); Interstellar dynamics (839); Magnetohydrodynamics (1964); Turbulence (1735); Faraday24

rotation (529); Polarimetry (1278); Numerical methods (1965).25

1. INTRODUCTION26

Magnetic turbulence is ubiquitous in astrophysics (Arm-27

strong et al. 1995). Magentic turbulence shapes star forma-28

tion (Federrath 2016), angular–momentum (Balbus & Haw-29

ley 1991) and mediates heat and cosmic–ray propagation30

(Brandenburg & Lazarian 2013), yet most observational di-31

agnostics are limited to 2D projections along the line of sight32

(LOS) (Elmegreen & Scalo 2004). Faraday rotation is one33

of the most widely used probes of these magnetized plas-34

mas: from Galactic RM grids and pulsars to cluster radio ha-35

los and FRBs, it reveals the LOS magnetic field weighted by36

the thermal-electron density, and—through its spatial statis-37

tics—encodes the underlying turbulence (e.g., see the review38

by Akahori et al. 2018).39

The development of the RM synthesis technique (Brent-40

jens & de Bruyn 2005; Burn 1966) has greatly increased the41

amount of information that can be extracted from polariza-42

tion observations, as it allows polarized emission to be sepa-43

rated by the degree of Faraday rotation it has experienced.44

Recent research has been done: Zhang et al. (2023) with45

new observation-based techniques, provide numerically test46

the polarization analysis techniques, Zhang et al. (2016) nu-47

merically test the polarization analysis techniques, Xiao et al.48

(2025) includes the analysis with previous research and has49

analysis of simulations with white-noise; Herron et al. (2016)50

studied polarization fluctuation statistics to probe ISM tur-51

bulence, and found that power spectra of polarized intensity52

fluctuations follow a power law.53

Earlier work used synchrotron intensity and polarized in-54

tensity fluctuations to infer the spectrum and anisotropy of55

magnetic turbulence (e.g., Getmantsev 1959; Lazarian &56

Shutenkov 1990; Lazaryan & Chibisov 1991; Waelkens et al.57

2009; Junklewitz & Enßlin 2011). Experimental observa-58

tional data were available, but the theoretical understanding59

of these processes came with Lazarian & Pogosyan (2012,60

hereafter LP12), who derived synchrotron statistics for an61

arbitrary electron index and, crucially, adopted a physically62

motivated model of anisotropic MHD turbulence consistent63

with Goldreich & Sridhar (1995).64
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Before GS95, numerical simulations (e.g., Shebalin et al.65

1983; Oughton et al. 1994) suggested scale-independent66

anisotropy, and this was widely believed to be the case. GS9567

introduced the idea that anisotropy should in fact be scale-68

dependent, becoming stronger at smaller scales: if turbulence69

is thought of as eddies, then the eddies have different perpen-70

dicular and parallel scales.71

A limitation of GS95 was that for sub-Alfvénic or72

trans-Alfvénic turbulence, the anisotropy appeared scale-73

independent, consistent with earlier numerical simulations74

(Shebalin et al. 1983; Oughton et al. 1994). This issue was re-75

solved by Lazarian & Vishniac (1999), who studied magnetic76

reconnection and recovered scale-dependent anisotropy by77

formulating their model in the local reference frame aligned78

with the surrounding magnetic field. In this frame, eddies do79

not interact with the global mean field but instead mix local80

magnetic fields. This mixing is enabled by fast magnetic re-81

connection: whereas reconnection was previously thought to82

be slow, Lazarian & Vishniac (1999) showed that it can be83

fast, allowing efficient field-line mixing. As a result, scale-84

dependent anisotropy emerges naturally in the new dynami-85

cal local frame.86

Subsequent work by Cho & Vishniac (2000) confirmed87

that the GS95 relations hold only in the local reference frame,88

establishing a new methodology for analyzing turbulence.89

Further numerical evidence, including for compressible tur-90

bulence, was provided by Cho & Lazarian (2003); Kowal &91

Lazarian (2010).92

Building on this, Lazarian & Pogosyan (2016, hereafter93

LP16) incorporated Faraday rotation and established how94

synchrotron polarization statistics depend on the underlying95

magnetic and electron-density fluctuations along the line of96

sight.97

The measures in LP16, the one that were used by theoreti-98

cians, as well as new measures such as Dp and Dλ, were99

introduced. However, these were not sufficiently sensitive to100

Faraday rotation.101

A key practical question for observers is what turbulence102

information can be recovered when only a single band (or a103

few nearby bands) is available. Motivated by this, we intro-104

duce a new measure,105

S(R) = ⟨cos 2[φ(x)− φ(x+R)]⟩, (1)106

following Lazarian et al. (2022), and investigate whether it107

can be used effectively and whether it offers advantages.108

We show numerically that S(R) recovers the iner-109

tial–range properties of the underlying 3D magnetic turbu-110

lence even at a single frequency (cf. Lazarian & Pogosyan111

2016; Lazarian & Yuen 2018; Lazarian et al. 2022), without112

requiring a wavelength array or full interferometric coverage.113

There are two main observational scenarios to consider:114

(i) when the same volume both emits synchrotron radiation115

and experiences Faraday rotation—i.e., a mixed emitting and116

rotating medium where classical internal depolarization ef-117

fects apply (Burn 1966; Sokoloff et al. 1999), (ii) when118

the synchrotron emission region and the Faraday-rotating119

medium are spatially separated, as for extragalactic back-120

ground sources seen through the Milky Way (Brentjens &121

de Bruyn 2005; Taylor et al. 2009; Oppermann et al. 2012),122

where synchrotron emission may originate in the galaxy123

halo (Beck 2015; Haverkorn 2015)—dominated by relativis-124

tic electrons but with low thermal electron density—while125

most Faraday rotation occurs in the denser thermal plasma of126

the disk (Jansson & Farrar 2012; ?).127

A central question is how Faraday rotation behaves under128

these conditions when analyzed with the S(R) measure, and129

whether this statistic can be reliably used. We validate our130

approach using both synthetic Faraday screens and ATHENA131

MHD simulations spanning sub- and super-Alfvénic regimes132

(e.g., Stone et al. 2008, 2020). In the weak-rotation limit133

we recover the predicted mapping between 3D and plane-134

of-sky spectra (Lazarian & Pogosyan 2016; Xu & Zhang135

2016), while in the transitional regime our single- or two-136

frequency criteria indicate when reliable recovery is still pos-137

sible (Lazarian & Yuen 2018; Li et al. 2025). The result is a138

practical pathway to extract turbulence statistics from single-139

frequency radio polarimetry and from data sets with incom-140

plete instrumental coverage (Brentjens & de Bruyn 2005;141

Lazarian & Pogosyan 2016).142

We structure the paper as following: Sect. 2 summarizes143

the obtaining of structure function, Sect. 3 describes obtain-144

ing of the directional spectrum, Sect. 6 discusses the results145

and Sect. 8 gives a conclusive summary.146

2. STRUCTURE FUNCTION147

A uniform background source emits a complex linear po-148

larization:149

Pi = Qi + iUi, |Pi| = const. (2)150

After propagation through a magnetised slab of thickness L151

the signal is Faraday–rotated by an angle λ2Φ(X) (classical152

λ2 law; Burn 1966; Gardner & Whiteoak 1966), where the153

Faraday depth (rotation measure) is154

Φ(X) =

∫ L

0

ne(X, z)Bz(X, z)dz. (3)155

The observed complex polarization at sky position X and156

wavelength λ is therefore Burn 1966:157

P (X, λ) = Pie
2iλ2Φ(X), (4)158

For two sight lines X1,X2 we define the directional cor-159

relation (used in polarization spatial analysis; Lazarian et al.160

2022)161

S(R, λ) =
〈
cos
[
φ(X1)− φ(X2)

]〉
=
〈
cos
[
2λ2∆Φ

]〉
.

(5)162

with ∆Φ ≡ Φ(X1)− Φ(X2).163

2.1. Angle structure function164

Assume ∆Φ is Gaussian, ⟨∆Φ⟩ = 0, ⟨(∆Φ)2⟩ = DΦ(R).165
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Using the characteristic function of a Gaussian variable166

(Goodman 1963, Sec. 5.7),167 〈
ei2λ

2∆Φ
〉
= exp

[
−2λ4DΦ(R)

]
, (6)168

and therefore169

S(R, λ) = exp
[
−2λ4DΦ(R)

]
. (7)170

By definition171

Dφ(R, λ) =
1

2

[
1− S(R, λ)

]
=

1

2

[
1− e−2λ4DΦ(R)

]
. (7)172

For 2λ4DΦ ≪ 1 (weak rotation)173

Dφ(R, λ) ≃ λ4DΦ(R). (8)174

2.2. Rotation Measure structure function175

Inside the slab the Rotation Measure density has corre-176

lation ⟨f(r)f(0)⟩ ∝ r−11/3 (e.g., Armstrong et al. 1995;177

Chepurnov & Lazarian 2010; for RM structure functions see178

Simonetti et al. 1984; Minter & Spangler 1996; Haverkorn179

2015). Its two–point integral along z then gives, for R≪ L,180

DΦ(R) = 2σ2
Φκ

(
R

L

)5/3

, κ =

√
πΓ(−5/6)

2Γ(−1/3)
, (9)181

in agreement with the projected–correlation result ρ⊥(R) ≈182

1−κC2(R/L)
5/3 from standard projection integrals (Monin183

& Yaglom 1975, Vol. 2).184

Inserting the Kolmogorov DΦ into (7) (small R ≪ L)185

yields186

Dφ(R, λ) ≈ 2κσ2
Φλ

4

(
R

L

)5/3

. (10)187

Thus Dφ ∝ R5/3, the same inertial-range slope found for188

Stokes-azimuth statistics in Eq. (5.26) of the previous work.189

For R ≫ L the Rotation Measure difference reaches its190

variance: DΦ → 2σ2
Φ, hence191

Dφ(R, λ) −→ 1
2

[
1− e−4λ4σ2

Φ
]
. (11)192

193

S(R, λ) = e−2λ4DΦ(R), (12)194

195

Dφ(R, λ) =
1
2

[
1− e−2λ4DΦ(R)

]
. (13)196

For a Kolmogorov Rotation Measure screen, DΦ ∝ R5/3 at197

R ≪ L. And the angle structure function inherits the same198

5/3 slope (10); at R ≫ L it saturates to a constant fixed by199

the Rotation Measure variance σ2
Φ = ⟨Φ2⟩ − ⟨Φ⟩2.200

3. DIRECTIONAL SPECTRUM201

Expresing cos 2ϕ, sin 2ϕ in terms of Stokes parameters:202

The angle-difference correlation used in your Figure 16 is203

S(R) =
〈
cos
(
2[ϕ(x)− ϕ(x+R)]

)〉
= ⟨A(x)A(x+R)⟩+ ⟨B(x)B(x+R)⟩.

(14)204
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Figure 1. Structure function of the rotation measure calculated by
(9) (left) and the polarization angle expressed by (13) (right) for
synthetic cube, following Kolmogorov 5/3 scaling. It’s clearly vis-
ible that the corellation with the analytically predicted ∝ R5/3 is
not well seen for larger R, motivating the need for a more accurate
statistical measure.

By Wiener–Khinchin, each scalar correlation is the inverse205

FFT of its power spectrum:206

CA(R) = ⟨A(x)A(x+R)⟩ = IFFT
[
|Â(k)|2

N

]
(R). (15)207

208

CB(R) = ⟨B(x)B(x+R)⟩ = IFFT
[
|B̂(k)|2

N

]
(R). (16)209

210

S(R) = CA(R) + CB(R) =
1
N IFFT[|Â|2 + |B̂|2]. (17)211

Thus the directional spectrum equation is:212

Pdir(k) = |Â|2 + |B̂|2 =
∣∣FFT[(Q+ iU)/(pI)]

∣∣2. (18)213

10 2 10 1

k

10 5

10 3

10 1

101

103

105

107

P S
(k

)

Athena: Ps(k)
rms = 0.00206
rms = 0.00693
rms = 0.0252

rms = 0.0916
k 11/3

10 2 10 1

k

10 1

101

103

105

107

P S
(k

)

Synthetic cube: Ps(k)
rms = 0.00284
rms = 0.00954
rms = 0.0348

rms = 0.126
k 11/3

Figure 2. Fourier power spectra of the suggested measure, Ps(k) of
⟨cos 2f1 cos 2f2+sin 2f1 sin 2f2⟩. Left: spectrum from the Athena
sub-Alfvénic simulation (Ma = 0.8) spectrum, Right: spectrum
from the synthetically generated cube. At high k, the Athena spec-
trum shows small drops and partial decorrelation, while the syn-
thetic cube matches the expected scaling exactly.

3.1. Interferometric high–pass (missing short spacings)214

Interferometers sample the sky in the uv (Fourier) plane,215

missing short baselines act as a high–pass filter that sup-216

presses large–scale modes. For analytic work we approxi-217

mate the azimuthally averaged transfer by a smooth radial218

high–pass, and use a Gaussian proxy that mimics a soft inner219

uv cutoff:220

Hhp(k) = 1− exp
(
− k2

2k2
c

)
(19)221

The filtered spectrum is222
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P hp
S (k) = |Hhp(k)|2 PS(k)

=
(
1− 2e−k2/2k2

c + e−k2/k2
c
)
PS(k).

(20)223

From the Forier equations standart equation, the inverse224

transforms of the Gaussians are Gaussians (let σ = k−1)225 
F (k) =

∫
R2d

2Rf(R) e−ik·R,

f(R) =
1

(2π)2
∫
R2d

2k F (k) eik·R
(21)226

227

=⇒


F−1

[
e−k2/2k2

c

]
=

1

2πσ2
e−R2/2σ2

,

F−1
[
e−k2/k2

c

]
=

1

4πσ2
e−R2/4σ2

.
(22)228

Therefore the real-space kernel corresponding to |Hhp|2 is229

hhp(R) = δ(2)(R)− 1

πσ2
e−R2/2σ2

+
1

4πσ2
e−R2/4σ2

, (23)230

thus filtered correlation is the convolution231

Shp(R) = S(R)− e
−R2/2σ2

2πσ2
S(R)+

e−R2/4σ2

4πσ2
S(R). (24)232

3.2. Analytics of the broken power law233

For an isotropic 3D field with spectral density P3(k), the234

1D shell spectrum is235

E
(3D)
1D (k) = 4πk2P3(k) (25)236

Thus if P3(k) ∝ kγ , then E(3D)
1D (k) ∝ kγ+2.237

We prescribe shell slopes αlow = +3/2 (k ≪ kb) and238

αhigh = −5/3 (k ≫ kb)239

P tar
3 (k) ∝ (k/kb)

α(k)−2 (26)240

241

α(k) = αlow t(k) + αhigh[1− t(k)],

t(k) =
1

1 + (k/kb)s
.

(27)242

so that E(3D)
1D (k) exhibits the desired broken power law. We243

used s = 8 for numerical simulations.244

For the plane-of-sky map g(x, y) =
∑

z f(x, y, z), the245

projection–slice theorem gives ĝ(kx, ky) = f̂(kx, ky, kz=0),246

hence247

P2,proj(k) ∝ P3(k) ∝ kγ ,

E
(2D)
1D (k) = 2πk P2,proj(k) ∝ kγ+1.

(28)248

Combining (25)–(28): if the 3D shell slope is α(3D)(k) =249

γ + 2, then the observed 2D slope is250

α(2D)(k) = α(3D)(k)− 1251

4. STRUCTURE FUNCTION FOR THE ISOTROPIC252

MAGNETIC FIELD253

By setting γlow = αlow − 2 = − 1
2 , γhigh = αhigh − 2 =254

− 11
3 we will get:255

P3(k) = C3

(k/kb)
−1/2, k < kb,

(k/kb)
−11/3, k ≥ kb.

(29)256

2D RM correlation and structure function257

CΦ(R) = 2π

∫ ∞

0

kdkP
(2D)
Φ (k)J0(kR)258

259

DΦ(R) = 2 [CΦ(0)− CΦ(R)]260

Splitting at kb and defining x = kbR261

DΦ(R) = 4πC

[
Ilow(x)

kγlow

b Rγlow+2
+

Ihigh(x)
k
γhigh

b Rγhigh+2

]
. (30)262

where Ilow(x) =
∫ x

0
qγlow+1

(
1 − J0q

)
dq and Ihigh(x) =263 ∫∞

x
qγhigh+1

(
1− J0q

)
dq264

Ilow(x) =
xγlow+2

γlow + 2

[
1− 1F2

(
γlow+2

2 ; 1, γlow+4
2 ;−x2

4

)]
.

(31)265266

Ihigh(x) = Chigh−xγhigh+2

γhigh+2

(
1−1F2(

γhigh+2
2 ; 1,

γhigh+4
2 ;−x2

4 )
)
.

(32)267

where 1F2 (a; b1, b2; z) =
∑∞

n=0
(a)n

(b1)n(b2)n
zn

n! generalized268

hypergeometric function269

Chigh =

∫ ∞

0

qγhigh+1 (1− J0q) dq

=

∫ ∞

0

1− J0q

q 1+m
dq = 2−m Γ(−m

2 )

Γ(1 + m
2 )
.

(33)270

m = 5/3 By normalization271

σ2
Φ = 2πC

[
kγlow+2
b

γlow + 2
+

k
γhigh+2
b

−(γhigh + 2)

]
272

273

C =
σ2
Φ

2π

[
kγlow+2
b

γlow + 2
+

k
γhigh+2
b

−(γhigh + 2)

]−1

274

Remembering Dφ(R, λ) = 1
2

[
1− exp

(
− 2λ4DΦ(R)

)]
,275

the assymptotics:276

R≪ Rb : DΦ(R) ≃ 4πCk
−γhigh

b ChighR−(γhigh+2) ∝ R5/3
277

278

Rb ≪ R : DΦ(R) = 2σ2
Φ−AlowR

−(γlow+2) = 2σ2
Φ−AlowR

−3/2
279
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5. WHICH SCREEN DOES A GIVEN MEASURE280

PROBE?281

The observed complex polarization at wavelength λ can be282

written as283

P (x, λ) = P0 e
2i ϕem(x) e2i λ

2Φ(x) (34)284

285

χ(x, λ) = ϕem(x) + λ2Φ(x) (mod π) (35)286

with intrinsic polarization angle ϕem(x). Define the angle287

correlation288

S(R, λ) =
〈
cos
(
2[χ(x+R, λ)− χ(x, λ)]

)〉
, (36)289

and the corresponding angle structure function Dχ(R, λ) =290
1
2 [1 − S(R, λ)]. As was previously shown, the small–291

increment limit292

Dχ(R, λ) = Dem(R) + λ4DΦ(R), (37)293

including both the emission contribution Dem and the Fara-294

day contribution λ4DΦ. Thus, for295

If we define rotation-dispersion number as Nrms ≡296

λ2 σΦ

2π , the emission–dominated will be with297

Dem(R) ≫ λ4DΦ(R) (σχ,em ≫ λ2σΦ) (38)298

which usually equalivalent for NRMS < 0.3.299

Alternatively, Faraday–dominated regime accurs for300

Dem(R) ≪ λ4DΦ(R), with NRMS ∈ (0.5, 2.0).301

6. RESULTS DISCUSSION302

Our results demonstrate that turbulence statistics of mag-303

netized plasmas can be recovered robustly from single-304

frequency polarization data. In particular, we validated two305

complementary diagnostics: the polarization-angle structure306

functionDφ(R, λ) and the directional correlation S(R), both307

following predicted inertial–range slope.308

A key advance is that S(R) avoids angle unwrapping, satu-309

rations, and instrumental filtering biases by operating directly310

on cos 2ξ and sin 2ξ. This makes it naturally suited to inter-311

ferometric data sets with incomplete short-spacing coverage,312

where traditional RM-based approaches can struggle. Our313

tests on synthetic Kolmogorov screens and Athena simula-314

tions spanning sub- and super-Alfvénic regimes confirm that315

S(R) retains validity to the theoretical ∝ R5/3 scaling over316

a wide dynamic range.317

7. TRANSITION BETWEEN FARADAY- AND318

SYNCHROTRON EMITING SCREEN DOMINATED319

REGIMES320

We will examine two regimes: an emission-dominated321

regime (short λ), where Pdir is determined by the syn-322

chrotron emissivity structure, and a screen-dominated regime323

(long λ), where Pdir is set by the RM of the Faraday screen.324

With the transition, happening at λ2σRM(k) = 1.325

(i) For the external Faraday screen case only, at each λ,326

the directional spectrum Pdir is computed from the complex327

linear polarization given by P = e2iλ
2RM.328

(ii) For both emitting and emission and external screen, a329

background synchrotron angle field ψemit independent of λ,330

and is rotated by the foreground screen,331

P (x, y;λ) = exp
(
2i[ψemit(x, y) + λ2RM(x, y)]

)
.332

For λ2σRM(k) ≪ 1, directional spectrum Pdir(k) reflects333

the synchrotron structure; for λ2σRM(k) > 1, it reflects the334

screen statistics.335

Let336

ϕ(x;λ) = λ2Φ(x) + χ(x), (39)337

P (x;λ) = Q+ iU = exp
[
2i ϕ(x;λ)

]
. (40)338

Define the directional correlation (the kernel whose 2-D FT339

gives Pdir):340

Cdir(r;λ) =
〈
cos 2ϕ1 cos 2ϕ2

〉
+
〈
sin 2ϕ1 sin 2ϕ2

〉
, (41)341

r = |x2 − x1|. (42)342

Assume (Φ, χ) are zero-mean, stationary, jointly Gaussian343

with no cross-correlation:344

⟨Φiχj⟩ = 0 ∀i, j, (43)345

C =

(
CΦ 0

0 Cχ

)
, (44)346

CΦ =

(
⟨Φ2

1⟩ ⟨Φ1Φ2⟩
⟨Φ2Φ1⟩ ⟨Φ2

2⟩

)
, (45)347

Cχ =

(
⟨χ2

1⟩ ⟨χ1χ2⟩
⟨χ2χ1⟩ ⟨χ2

2⟩

)
. (46)348

Using cosA cosB+sinA sinB = cos(A−B) and the Gaus-349

sian identity ⟨eiZ⟩ = e−
1
2 Var(Z), with A = 2(λ2Φ1 + χ1)350

and B = 2(λ2Φ2 + χ2),351

Cdir(r;λ) = exp
{
− 4
[
λ4(σ2

Φ− ξΦ(r))+ (σ2
χ− ξχ(r))

]}
352

= e−4(λ4σ2
Φ+σ2

χ) e 4(λ4ξΦ(r)+ξχ(r)). (47)353

For isotropic fields, the directional spectrum is the Hankel354

transform355

Pdir(k;λ) = 2π

∫ ∞

0

r dr Cdir(r;λ) J0(kr). (48)356

8. SUMMARY357

Practically, S(R) is robust to incomplete frequency sam-358

pling and does not require angle unwrapping; Dφ provides359

a complementary view tied to the familiar RM statistics.360

Together they give observers a minimal, portable toolkit:361

with one frequency you can measure turbulence slopes; with362

sparse coverage you can still form S(R) and compare to363

inertial–range expectations. We also quantify the limita-364
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tion from strong Faraday rotation: when typical angle dif-365

ferences exceed 90◦, Dφ saturates. We provide a sim-366

ple, observer–usable criterion—via the dimensionless rota-367

tion Nrms = λ2σΦ/(2π), and we show that adding just one368

nearby frequency restores the scaling when saturation looms.369370
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9. NUMERICAL VALIDATION OF THE LAZARIANPOGOSYAN FARADAY-SCREEN THEORY463

In this chapter we confront the analytic predictions derived previously with direct measurements obtained from a fully three-464

dimensional magneto–hydrodynamic (MHD) simulation of an isothermal, compressible, magnetised turbulent slab with resolu-465

tion 2563; sonic Mach number Ms = 0.8; Alfvénic Mach number MA = 1.0.466
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Figure 4. [

RM and angle structure functions] Top: Athena generated code. Bottom: Kolmogorov synthetic cube. Left: Structure function of the
line-of-sight rotation measure, DΦ(R) = ⟨[Φ(X+R)− Φ(X)]2⟩, computed from the RM map integrated through the simulation cube. A
reference R5/3 slope (orange dashed) is over-plotted. Right: Polarisation-angle structure function Dφ(R, λ) for three wavelengths (blue,
orange, green). In the inertial range the curves inherit exactly the same 5/3 exponent and diverge vertically as ∝ λ4, in agreement with

Eq. (10).467
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10. OVERCOMING LARGE ANGLES SATURATION BY USING NEARBY FREQUENCIES.469
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+ (R) (multiplied by

the number of pixels).
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Figure 17. Top: Polarization angle structure function and the directional spectrum for the Athena snapshot MA = 2.0 and Ms = 0.2. Bottom:
for the Athena snapshot MA = 0.8 and Ms = 1.0.
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Figure 18. Left: Polarization angle structure function for the synthetic cube with αlow = 0, αhigh = −5/3. Right: Polarization angle structure
function for the synthetic cube with αlow = 1.5, αhigh = −5/3.
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Figure 21. Comparison of turbulence measures (λ = 0.21) for (left) a synthetic screen and (right) an sub-Alfvenic MHD snapshot (MA = 0.8).
Top row: Directional spectrum Pdir(k) traces angle fluctuations and is Faraday-sensitive at larger λ2. Second row: PSA (Polarization Spatial
Analysis) |P̂ (k)|2 at the same λ is typically emission-dominated when rotation is weak, revealing the synchrotron and magnetic spectral slope.
Third row: Polarization Faraday Analysis (PFA)/Polarization Variance Analysis (PVA) Var[P (λ)] vs λ2 exhibits regime changes (mean-field
vs fluctuation-dominated Faraday) via slope breaks. Bottom row: Derivative Var[∂P/∂(λ2)].
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Figure 22. Comparison of measures in the regime were synchrotron emission and Faraday rotation are co-spatial, shown for a synthetic field
(left) and an MHD cube (right). Top row: directional spectra. Second row: Polarization Spatial Analysis (PSA) spectra. Third row: Polarization
Faraday Analysis (PFA) variance versus λ2. Bottom row: derivative statistics.
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Figure 23. Polarization power spectra for two configurations: (Left) Synchrotron-emitting gas without internal Faraday rotation, viewed
through a foreground Faraday screen; only the screen’s line-of-sight magnetic field rotates the polarization. (Right) Synchrotron-emitting gas
that both emits and internally rotates due to its own line-of-sight magnetic field, with an additional foreground Faraday screen in front.
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Figure 24. Polarization power spectra for two cases: (left) a background signal rotated by a Faraday screen, and (right) an emitting volume that
both emits and rotates due to its internal magnetic field, with an additional foreground Faraday screen.
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Figure 25. Spectra of velocity (left) and magnetic field under differentMA conditions (MA=0.8 top,MA=2 bottom). The dashed line represents
the expected scaling for Kolmogorov turbulence Ek ∼ k−5/3 over the inertial range.
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